We study the properties of continuous expansions, in comparison with contractions. We obtain a few applications which demonstrate the usefulness of expansions.
ABSTRACT.
We study the properties of continuous expansions, in comparison with contractions. We obtain a few applications which demonstrate the usefulness of expansions.
Given that the inverse of an expansion is a contraction, one is naturally led to the study of expansions by analyzing the behavior of their inverses.
It turns out that, in Euclidean spaces, the behavior of expansions and contractions is about the same. But the same cannot be said for Hubert spaces.
Preliminaries.
As is customary, we will say that a function /:
(X, d)-*(Y, p) is a ß-expansion if ß > 1 and plflx), flw)) > ßdlx, w). For convenience, we will say that / is a y-enlarger if y > 0 and plflx), flw)) > ydlx, y). Also, for any function /: X->X, we let P = Q °°=1/"(X). Then f(P) = P.
Proof. flP) C P: Immediate, since
because fnÍX) D/n + 1(X) for each n.
P C/(P): Let p £ P. Then there exists x £ X such that f"ix ) = p fot n = 1, 2, . .. . Because / is one-to-one, by induction, we get that x, = fix2) = /2(x3) = . . . =/*-HxJ = .... Therefore x¡ e P with /(x,) = p, which completes the proof.
Lemma 1.30 Let (X, d) be any complete metric space and f: X • X a continuous y-enlarger. Then P is a closed (complete) subspace of X and fiP) = P.
Proof. From Lemma 1.1 and induction, we get that each fn(X) is a closed subset of X. Therefore, we get that P is a closed (hence complete) subspace of X. Since / is clearly one-to-one, from Lemma 1.2, we get that f(P) = P.
2. Main results. Proof. By Lemma 1.3, P is complete. Since f~ : P-• P is a l//8-contraction, /"" has a unique fixed point; therefore, so does /: X -'X. is an open subset of X) and let f: X > X be any continuous y-enlarger.
Then f is an onto homeomorphism.
Proof. By Lemma 1.1 and hypothesis, f(X) is a clopen subset of X.
Therefore, since X is connected, f(X) = X. Clearly /" is continuous and thus / is a homeomorphism of X onto X. 
